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Abstract. A general expression is given for the quartic Lovelock tensor in terms of the Riemann-Christoffel and Ricci curvature tensors and the Riemann curvature scalar for 
n-dimensional differentiable manifolds having a general linear connection. In addition, expressions are given (in the appendix) for the coefficient of the quartic Lovelock 
Lagrangian as well as for lower-order Lovelock tensors and Lovelock Lagrangian coefficients. 
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"Since the quartic part of the Lovelock action involves 25 terms, each containing the product of four curvature terms, the writing of the corresponding 
field equations using the usual method of variation of the Lagrangian with respect to the metric tensor is a formidable task." 

— Demaret, J., Y. De Rop, P. Tombal, and A. Moussiaux, "Qualitative Analysis of 
Ten-dimensional Lovelock Cosmological Models," Gen. Rel. Grav., 24 (1992) 1169. 

"Writing explicitly the field equations for general space-times in high dimensions, taking into account all the relevant terms of the Lovelock action, is a 
very complex task. In the case of, say, ten-dimensional models, it can take weeks to write the equations by hand, and the absolute correctness of the 
results is not at all guaranteed. As an example of the formidable complexity of this type of calculation, let us note that the quartic part of the Lovelock 
action involves 25 terms, each of which constituted by the contracted product of four curvature tensors, and, moreover, the resulting field equations, 
obtained after variation with respect to the metric tensor, are not explicitly known." 

— Demaret, J., H. Caprasse, A. Moussiaux, P. Tombal, and D. Papadopoulos, 
"Ten-dimensional Lovelock-type space-times," Phys. Rev. D, 41 (1990) 1163. 

"The general expression of the variation of the fourth-order contribution to the Lovelock Lagrangian density has even not yet been obtained." 

— Ibid. 



This letter provides the interested reader with a general expression for the 
quartic Lovelock tensor G^f in terms of the Riemann-Christoffel curvature 
tensor 1 
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Such an expression for G, 4 % a has evidently not appeared in the open 
literature hitherto, even though analogues of some terms of G^f per Eq. (7) 
below have already appeared, viz. analogues of the 103"', 104'*, 107'*, 109" 1 , 
111", 112"', and 1 15"" terms in Grisaru and Zanon 2 , of the 109"' and 1 1 1"" in 
Freeman et al.? and of the 1 1 1" in Grisaru et al. 4 

In accordance with various general definitions given by Miiller-Hoissen 5 
and Verwimp, 6 L^ p) and G^ a for p > 1 are given by the formulas 
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usjjigj anholonomic coordinates for n-dimensional differentiable manifolds 
ha^kjg a general linear connection, where d a is the Pfaffian derivative, rf c 
th|eNjonnection coefficient, £i b the object of anholonomity, Q a bc the 
non-metricity tensor, and S a f the torsion tensor. (An expression for the 
co"§T|ficient L,,, of the quartic Lovelock Lagrangian appears in the appendix.) 
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Otable 1. Some Numerical Properties of L, . for < p < 4. 
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which comprise (2p)\ and (2p + 1)! tensor index permutations, respectively. 

Numerical properties of and G^f for < p < 4 are tabulated below. 
Expressions for G^f and for < p < 3 appear in the appendix. 
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The quartic Lovelock tensor G (4)(J is given by the formula 
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(4)a 2 5 x4 I" h>2 hh Hh h'si ' 
which comprises 362,880 unique covariant index permutations, of which but 115 — together with numerical coefficients — suffice for rendering a general 
expression for G^ b , the final result (after substituting contractions and re-labeling indices) being given by 
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+ 48 K Rf Rf Rj> - 192 */ R d h R f f R J> - 192 Rf R f f Rf - 192 */ Rf R f f R J> + 384 */ R f d Rf Rf - 

~ 384 R: Rf Rf Rf + 16 R b Rf Rf Rj h - 64 R b Rf RfRf + 192 V V* " 96 V V V^c/ " 

" 384 R a < Rf RfRf - 48 Rf R 2 R L d - 24 Rj d R 2 Rf + 192 Rf R Rf Rf + 192 Rj d R Rf Rf - 192 R J« R R f d Rf- 

~ 96 R ae cd R Rf Rj+ 96 Rf R Rf Rf - 192 Rf R Rf Rf - 96 Rj c R R f f Rj> + 48 Rf R R f f Rj> - 192 Rf R Rf Rf + 

+ 192 Rf Rf Rf Rj- 384 Rf Rf Rf Rf - 384 Rf Rf Rf Rf - 384 R a f d Rf Rf R/+ 384 Rf Rf Rf Rf + 

+ 384/? R d R e R/s + 3S4R bc R d R e R ft - 192 R cd R b R e R ft + 384 R f R h R e R /« + 192 R f cd R b R e R ft- 

af c g de aj e g cd ae f g cd af c g de aj e g cd 

~ 384 R a f d Rf Rf R d f - 192 Rf Rf r/rJ" + 384 R a f d Rf r/rJ* - 384 R a f d Rf r/rJ" - 192 Rf d Rf RfRf + 
+ 384 Rf 1 Rf R/Rj* + 96 R a f d Rf R/rJ* - 48 Rf Rf RfRf + 192 Rf Rf R f R f + 192 Rf Rf R f R f + 
+ 192 Rf Rf RfRf ~ 384 Rf Rf RfRf + 384 Rf Rf RfRf + 192 Rf Rf R f R f + 96 Rf Rf Rf Rj" + 
+ 384 Rf Rf RfRf - 192 Rf Rf RfRf - 96 Rf Rf RfRJ h + 384 Rf Rf RfRf + 192 Rf Rf RfRf - 

- 384 Rf Rf RfRf - 192 Rf Rf Rf Rj h - 384 Rf d Rf RfRf + 384 Rf d Rf R f R f + 384 Rf' Rf RfRf + 
+ 192R cd R f e R b fR gh -\92R cd Rf R bf R f + 384 R cd Rf R b f R ,f - 192 R bc R f e Rj« R hi + 96R bc R de R h f g R hi - 

ag f eh cd ag h cd ej ag h ce dj ad cf hi eg ad jg hi ce 

~ 384 Rf Rf Rf Rf - 24 Rf Rf Rf R f f + 192 Rf Rf Rf Rf - 48 Rf R f f Rf Rf + 192 R f Rf R f R f + 
+ 96 Rf Rf Rf Rf + 192 Rf Rf Rf Rf + 192 Rf Rf Rf Rf + 384 Rf Rf Rf Rf - 

- 384 Rf Rf Rf Rf + 192 Rf R f f R f Rf + 96 Rf R f f Rf Rf + 384 Rf Rf Rf Rf) . 

For a check, note that (1) Gf = L (4) and (2) the magnitudes of the numerical coefficients of G (4) f add up to ^ff^ = | X 22,680 = 2835. 

Appendix 

The quartic Lovelock Lagrangian coefficient L (4) is given by the formula 
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which comprises 40,320 unique covariant index permutations, of which but 25 — together with numerical coefficients — suffice for rendering a general expression 
for L( 4 j, the final result (after substituting contractions and re-labeling indices) being given by 
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For a check, note that the magnitudes of the numerical coefficients of add up to = 2520. 
The Lovelock tensors G^f for < p < 3 are given by I 
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For a check, note — for 1 < p < 3 — that (1) Gf = " ' ff L {p) and (2) the magnitudes of the numerical coefficients of G^f add up to ^fff - 
The Lovelock Lagrangian coefficients for < p < 3 are given by I ~ " 
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For a check, note that (1) the magnitudes of the numerical coefficients of L {p) add up — for any p — to ff and (2) ^ L (p) = - p L {p _ {) for p > 1 . 
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